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T h i s  a r t i c l e  su rveys  b r i e f l y  some f e a t u r e s  of a tmospher ic  g r a v i t y  
waves, w i th  t h e  o b j e c t i v e  of b r ing ing  t h e i r  c h a r a c t e r i s t i c s  and t h e i r  
problems t o  t h e  a t t e n t i o n  of:' wave t h e o r i s t s  from o t h e r  d i s c i p l i n e s .  
The i n h e r e n t  a n i s o t r o p y  of t h e i r  p ropagat ion ,  and f u r t h e r  a n i s o t r o p i e s  
and r e f l e c t i o n  p r o c e s s e s  t h a t  a r i s e  i n  p r a c t i c e ,  f i n d  ana logues  i n  
i o n o s p h e r i c  and o t h e r  plasma propagat ion.  They p rov ide  a nove l  f i e l d  
f o r  t h e  a p p l i c a t i o n  of o l d  t echn iques ,  and they  pose c h a l l e n g i n g  





1. I n t r o d u c t i o n  
Waves provide  a common mathemat ica l  framework which u n i t e s  
a wide v a r i e t y  of geophys ica l  phenomena, and indeed u n i t e s  many of t h e  
broader  range  of p h y s i c a l  d i s c i p l i n e s  as w e l l .  
e l a s t i c ,  hydrodynamic, a c o u s t i c ,  seismic, o p t i c a l  and e l e c t r o n  waves 
he lped  t o  e s t a b l i s h  a f a m i l i a r i t y  wi th  wave behavior  t h a t  sped t h e  
E a r l y  s t u d i e s  of 
development of a v a s t  l i t e r a t u r e  on i o n o s p h e r i c  r a d i o  p ropaga t ion ,  
and, more r e c e n t l y ,  on plasma waves i n  g e n e r a l .  These t o p i c s  i n  
t u r n  have had t h e i r  i n f l u e n c e  on t h e  o l d e r  s t u d i e s ,  by providinp, a 
deeper  p h y s i c a l  unde r s t and ing  and an expanded range  of mathemat ica l  
t echn iques ,  t h a t  were born i n  r e sponse  t o  t h e  c h a l l e n g i n g  new s i c u a t i o n s  
encountered .  
The o b j e c t i v e  of the p r e s e n t  paper i s  t o  draw t h e  a t t e n t i o n  of 
i o n o s p h e r i c  and plasma wave p h y s i c i s t s  t o  y e t  ano the r  t ype  of wave 
p r o c e s s ,  one whose p r a c t i c a l  r e l e v a n c e  and d i f f i c u l t  problems have come 
t o  be a p p r e c i a t e d  on ly  i n  r e c e n t  y e a r s .  
t o  s o l i c i t  t h e  a c t i v e  i n t e r e s t  of some who read  i t ,  i n  t h e  e x p e c t a t i o n  
that an unde r s t and ing  of t h e  r e l e v a n t  phenomena w i l l  be f u r t h e r e d  
t h e r b y .  
I t s  o b j e c t i v e  i s ,  moreover, 
. e ,i I .  
' .  
8 
The waves i n  ques t ion  a r e  t o  be found i n  an atmosphcrc t h a t  
i s  s t r a t i f i e d  by a g r a v i t a t i o n a l  f i e l d .  They may be termed 'ct,iospher:.c 
g r a v i t y  waves' f o r  convenience; b u t  t h e y  d i f f e r  somewhat from tne 
g r a v i t y  waves t h a t  form on the s u r f a c e  of t h e  s e a s ,  and i n  t h e  atmosphere 
they  merge t o  some e x t e n t  w i th  a c o u s t i c  and t i d a l  waves. Thei r  
o s c i l l a t i o n  and propagat ion  are a n i s o t r o p i c ,  as a consequence of 
g r a v i t y ,  and they  o f t e n  occur  i n  media whose p r o p e r t i e s  change 
s u b s t a n t i a l l y  w i t h i n  a wavelength. They then g i v e  r i s e  t o  problems 
analogous t o  those  which a r e  f a m i l i a r  i n  i o n o s p h e r i c  and o t h e r  plasma 
p ropaga t ion ,  and i t  i s  f o r  t h i s  reason  t h a t  t h e  foregoing  s o l i c i t a t i o n  
of a c t i v e  i n t e r e s t  seems a p p r o p r i a t e .  
0.. 
Though the ,  subsequent d i s c u s s i o n  w i l l  develop p r i m a r i l y  a long  
more a b s t r a c t  l i n e s ,  some i n d i c a t i o n  of t h e  p r a c t i c a l  r e l e v a n c e  of 
atmoggheric g r a v i t y  waves i s  i n  o r d e r  a t  t h i s  p o i n t .  
i n t e r e s t  i n  them d a t c s  from the l a t e  1940s, when Queney [1947, 19481 
S u b s t a n t i a l  
and Score r  [ 1 9 4 9 ]  f i r s t  app l i ed  them t o  t h e  ' l e e  waves' t h a t  a r e  s e t  
u p  by winds f lowing  over  mountains. (See Queney [1948]  f o r  r e f e r e n c e s  t o  
e a r l i e r  work.) Martyn [1950] employed them, i n  a s u p e r p o s i t i o n i n g  of 
modes t h a t  l e d  t o  what he termed ' c e l l u l a r  waves ' ,  i n  o rde r  t o  e x p l a i n  
[The i-c- ' c c l l J v '  ir p,,,p?yA ifi ais papcr,xs by MuTin, t0 demote waves 
soon confirmed i n  subs t ance  by t h e  o b s e r v a t i o n s  and a n a l y s i s  of 
microbarometr ic  o s c i l l a t i o n s  i n  t h e  t ropos2he re .  1 This  
r-- 
and Munk [ 1 9 5 4 ] .  EckMart [1960, p. 1201 goes s o  f a r  a s  t o  sugges t  t h a t  
g r a v i t y  waves, a g a i n  i n  a c e l l u l a r  p a t t e r n ,  may c o n s t i t u t e  t h e  commonly 
v 
observed f luc tua t ing , componen t  of normal winds ( a s i d e  from t h a t  p o r t i o n  
which i s  gene ra t ed  by f low around l o c a l  o b s t a c l e s ) .  
. .  * D . .  
' ,  
. . .  
3 (b)  
Martyn 119501 app l i ed  t h e  ce l lu l a r -wave  concept  t o  a c l a s s  o f  
moving i o n o s p h e r i c  deformat ions  t h a t  a r e  commonly termed ' t r a v e l i n g  
ionosphe r i c  d i s t u r b a n c e s '  . It l a t e r  appeared [Hines,  19601 t h a t  t h e  
observed waves, w h i l e  indeed  g r a v i t y  waves, were probably  n o t  c e l l u l a r  
a t  i o n o s p h e r i c  h e i g h t s .  T h i s  l a t e r  a n a l y s i s  a l s o  showed t h a t  a tmospher ic  
g r a v i t y  waves could account  f o r  a wide range  of winds and i r r e g u l a r i t i e s  
n e a r e r  t h e  base of t h e  ionosphere,  t h a t  had come under  i n t e n s i v e  s tudy  
by v a r i o u s  t echn iques  d u r i n g  t h e  i n t e r v e n i n g  y e a r s .  
n 
It has  r e c e n t l y  been i n f e r r e d  [Hines ,  1 9 6  ] t h a t  t h e  g r a v i t y  ?! 
waves may h e a t  t h e  ionosphere  a t  l e a s t  a s  s t r o n g l y  a s  does  s o l a r  
r a d i a t i o n .  S i m i l a r l y ,  t h e  high tempera ture  of t h e  s o l a r  corona may be 
mainta ined  by g r a v i t y  waves t h a t  a r e  launched upward from t h e  pho tosphe r i c  
s u r f a c e  [Whi t taker ,  19631. 
The subsequent  d i s c u s s i o n  w i l l  be  concerned,  n o t  w i th  t h e s e  
v a r i o u s  a p p l i c a t i o n s  and t h e i r  consequences,  bu t  r a t h e r  w i th  t h e  more 
formal  a s p e c t s  of  t h e  wave a n a l y s i s .  Even i n  t h a t  a r e a  i t  w i l l  be 
b r i e f .  Readers  wish ing  t o  pursue t h e  mathematical  t r ea tmen t  f u r t h e r  
a r e  r e f e r r e d  t o  an e x t e n s i v e  a n a l y s i s  of  a tmospher ic  (and ocean) 
waves by Eckgar t  [ 19601 o r  a more compact rev iew by T o l s t o y  [1963] , 
bo th  of which p rov ide  a gene ra l  p e r s p e c t i v e ,  wh i l e  some t o p i c s  n o t  
t r e a t e d  by them a r e  developed i n  r e s e a r c h  pape r s  t h a t  a r e  c i t e d  i n  




2. Wave P e r t u r b a t i o n s  of an I d e a l i z e d  Atmosphere 
We s h a l l  be  concerned e x c l u s i v e l y  w i t h  an atmosphere whose 
p r o p e r t i e s ,  i n  t h e  unper turbed  s t a t e ,  vary  o n l y  i n  t h e  ( v e r t i c a l )  
d i r e c t i o n  s p e c i f i e d  by t h e  2 coord ina te  o f  a C a r t e s i a n  system. 
g r a v i t a t i o n a l  a c c e l e r a t i o n  g i s  c o n s t a n t ,  with corn2onents (0, 0, -g); 
t h e  r a t i o  of s p e c i f i c  heats  ( ) and t h e  mean n o l e c u l a r  mass (MJ a r e  




I n  t h e  p r e s e n t  s e c t i o n ,  t h e  unper turbed  s t n o s p h e r e  i s  ::a!<en 
t o  be a t  res t  r e l a t i v e  t o  t h e  C a r t e s i a n  system; 
tempera ture  <r) and cor respondingly  c o n s t a n t  ' speed  o f  sound' 
(s z 
propaga t ion  of waves t h a t  are  only  of p e r t u r b a t i o n  magnitude,  sild 
t h e s e  a r e  f r e e  from d i s s i p a t i o n .  The v a r i o u s  r e s t r i c t i o n s  t h a t  a r e  
imposed by t h e s e  i d e a l i z a t i o n s  w i l l  be r e l axed ,  each  i n  t u r n ,  i n  succeeding  
s e c t i o n s .  
i t  has  conscan;: 
4 [ ~ k  T'/M]", where k i s  Boltzmann's c o n s t a n t ) .  It s u p p o r t s  rhe 
Under t h e  i n f l u e n c e  of g r a v i t y ,  t h e  unper turbed  gas  d e n s i t y  ( ) P 
d e c r e a s e s  e x p o n e n t i a l l y  w i t h  i n c r e a s i n g  h e i g h t :  
p (z) = p. exp (-z/io (1) 
where = f ( O ) ,  and i s  t h e ' s c a l e  h e i g h t '  of t h e  atmosphere:  
( 2 )  2 H - 5 - C /xg Z kT&. 
The unper turbed  gas  p r e s s u r e  (il) fo l lows  t h e  same e x p o n e n t i a l  
v a r i a t i o n  as p , i n  a r d e r  t h a t  t h e  f o r c e  d e n s i t y  p $  may be balanced 
by -grad. 2. 
5 
4 
P e r t u r b a t i o n s  from res t ,  w i t h  v e l o c i t y  U ,  a r e  accoi1,nnied 
'i': - gas  1 by f l u c t u a t i o n s  p and p' 
i s  then  s u b j e c t  t o  the a d d i t i o n a l  forces 
ba lance  t h e  i n e r t i a l  f o r c e  U / c l t  and l e a d  t o  o s c i l l a t i o n .  The 
o s c i l l a t i o n  is s u b j e c t  t o  t h e  equa t ion  of s t a t e  f o r  t h e  gas ,  axLi t o  
t h e  equa t ion  of mass conse rva t ion .  
i n  t h e  gas  d e n s i t y  and p res su re .  
p g 
t -b  and -grad 6 , r d t  ch 
3 
P 
The p r e s e n t  d i s c u s s i o n  w i l l  be  conf ined  f o r  s i m p l i c i t y  t o  
t h e  two-dimensional case i n  which Then s t a n d z r d  wave 
a n a l y s i s  r e v e a l s  t h a t  U = 0, and t h a t  gx, gz, f'/f and p ' / p  a l l  have 
t h e  same e x p o n e n t i a l  form, being p r o p o r t i o n a l  t o  
a/ay = 0 ( s a y ) .  
-Y - -  
wi th  
where 
( 4 )  
( 5 )  
w -  f g = ( 8  - 1) g/_C and w - g/25. a Y- - 
In p r a c t i c e ,  8 i s  always less t h a n  2 and t h e r e f o r e  cov < ma. 
9 - 
I n  a p p l i c a t i o n  t o  t h e  e a r t h ' s  a tmosphere,  t h e  pe r iods  cor res2onding  
t o  u) and u) l i e  t y p i c a l l y  i n  t h e  range  5-15 minutes .  - g a, 
6 
The f a c t o r  exp k/2HJ i n  (3) l e a d s  t o  an i n c r e a s e  of ampl i tude  
wi th  h e i g h t  (provided  i t  is n o t  o f f s e t  by an imaginary component of k 1, 
and i n  p r a c t i c e  t h i s  h e l p s  t o  account f o r  t h e  importance of t h e  waves 
-2 - 
a t  i o n o s p h e r i c  h e i g h t s .  I t s  p h y s i c a l  i n t e r p r e t a t i o n  l i e s  i n  t h e  f a c e  
t h a t  i t  j u s t  o f f s e t s  t h e  dec rease  of g a s  d e n s i t y ,  i n  ma in ta in ing  t h e  
v e r t i c a l  f l u x  of wave energy (&PIJ~ c o n s t a n t .  T h i s  r e s u l t  i s  e x a c t ,  
d e s p i t e  t h e  f a c t  t h a t  c e r t a i n  p r o p e r t i e s  of the  medium, namely! and p ,  - 
vary  w i t h  z ;  d i f f i c u l t i e s  t h a t  are normal ly  encountered  i n  t h e  t r e a t m e n t  - 
of inhomogeneous media do n o t  a r i s e .  
the  'Jispsrs io- r.&iox 
* 
The a n i s o t r o p y  imposed by g r a v i t y  i s  a l r e a d y  appa ren t  i n  ( 4 ) ,  1 
s i n c e  k and k e n t e r  t h a t  equa t ion  d i f f e r e n t l y  except  when g = 0 = L O  . 
g -z -x_ - 
I ts  e f f e c t  i s  f u r t h e r  ev iden t  when t h e  ' p o l a r i z a t i o n  r e l a t i o n s '  between 
U , IJz, -2s - p ' / f  and E'/E are examined. 
7 
We s h a l l  be concerned i n  t h i s  s e c t i o n  w i t h  pro23gzt ing waves 
f o r  which ,k i s  pu re  real .  From ( 4 )  i t  i s  appa ren t  t h a t  k rnay be 
z 2 - 
pure r e a l  o r  pu re  imaginary: t h e  waves may be ' i n t e r n a l '  o r  ' s u r f a c e '  
w a v c s , r e s p e c t i v e l y ,  t h e  l a t t e r  c a t e g o r y  being e q u i v a l e n t  t o  ' e v a n e s c e n t '  
waves i n  i o n o s p h e r i c  propagat ion.  I f  a t t e n t i o n  i s  confined t o  the i n t e r n a l  
waves, examinat ion of ( 4 )  r e v e a l s  t h a t  t h e  f r equency  range o < w < iu a 8 -- 
i s  p r o h i b i t e d ,  and t h e  a v a i l a b l e  spectrum then  f a l l s  i n t o  two d i s t i n c t  
c a t e g o r i e s .  In t h e  high-frequency l i m i t ,  ( 4 )  approximates  t o  
S 2 + k Z )  2 = w & ,  2 2  
- 
which corresponds t o  s imple sound waves; t h e  f r equency  range w 7  w a 
i s  c o n v e n i e n t l y  termed the ' a c o u s t i c '  range.  Complementary t o  t h i s  
- 
i s  che low-frequency ' i n t e r n a l  g r a v i t y  wave' r ange ,  w L w toward 
which i n t e r e s t  i s  d i r e c t e d  i n  t h e  p r e s e n t  pape r .  Many a p p l i c a t i o n s  
z' 
r e q u i r e ,  however, t h a t  evanescent  waves and waves w i t h  complex k ' s  be 
inc luded ,  and then  the two s e p a r a t e  c a t e g o r i e s  must be recognized a s  
-5 
d i v i s i o n s  o f  a broader  c lass  of ' a c o u s t i c - g r a v i t y  waves' .  
The pure  ' a c o u s t i c '  and ' i n t e r n a l  g r a v i t y '  sequences are  
i l l u s t r a t e d ,  by means of t h e i r  d i s p e r s i o n  r e l a t i o n  (4 ) , i n  f i g u r e . 1 .  
The diagram a c t u a l l y  d e p i c t s  t h e  r e l a t i o n  between k and k f o r  a 
v a r i e t y  of wave p e r i o d s ,  but i t  employs t h e  normalized c o o r d i n a t e s  
-2 -2 - 
which correspond t o  components of a r e f r a c t i v e  index  v e c t o r .  
. .  
I 
8 
Any combination 2 i m p l i e s  a p a r t i c u l a r  d i r e c t i o n  of phase 5’ -nq 
propaga t ion ,  of cour se ,  wh i l e  t h e  r e l a t e d  d i r e c t i o n  of energy  propagat ion  
map be i n f e r r e d  by means of t h e  geomet r i ca l  c o n s t r u c t i o n  i l l u s t r a t e d  i n  
t h e  i n s e t  diagram. The f a c t  t h a t  t h e  v e r t i c a l  components of phase 
and energy i , v e l , o c i t j  a r e  o p p o s i t e l y  d i r e c t e d ,  i n  t h e  g r a v i t y  wavesJ 
l e a d s  t o  an i l l u s i o n  i f  s u r f a c e s  of c o n s t a n t  phase a r e  kep t  under 
obse rva t ion :  t h e  waves appear t o  descend from h ighe r  l e v e l s ,  when 
t h e i r  energy i s  a c t u a l l y  propagated upward from under ly ing  sources .  
The s h o r t e r - p e r i o d  waves are seen t o  propagate  n e a r l y  i s o r r o p i c a l l y ,  
j u s t  as we expec t  of sound waves, whereas t h e  longe r -pe r iod  waves a r e  
h i g h l y  a n i s o t r o p i c .  Analogies may be drawn w i t h  VHF waves i n  t h e  
ionosphere ,  f o r  example, which m a i n t a i n  n e a r l y  i s o t r o p i c  p ropaga t ion ,  
and t h e n  wi th  t h e  w h i s t l e r  waves t h a t  p ropagate  q u i t e  a n i s o t r o p i c a l l y  
a t  much longer  p e r i o d s .  Indeed, t h e  form of t h e  grav i ty-wave  curves 
i n  f i g u r e  1 i s  n o t  u n l i k e  t h e  cor responding  c u r v e s  t h a t  would be drawn 
f o r  w h i s t l e r s ,  i f  t h e  geomagnetic f i e l d  were taken  as t h e  x - a x i s .  There  
i s  t h i s  d i f f e r e n c e ,  however: w i th  t h e  x - a x i s  t h e  a x i s  of symmetry, 
as f o r  w h i s t l e r s ,  energy  propagat ion  t ends  t o  be conf ined  t o  d i r e c t i o n s  
about  t h a t  a x i s , w h e r e a s  wi th  t h e  z - a x i s  t h e  a x i s  of symmetry, as f o r  
g r a v i t y  waves, energy  propagat ion  t ends  t o  be conf ined  t o  d i r e c t i o n s  
about  t h e  pe rpend icu la r  (i.e., h o r i z o n t a l )  p l ane .  
A f u r t h e r  d i s t i n c t i o n  between g r a v i t y  waves and whLst le r  
waves ( o r  magneto- ionic  waves i n  g e n e r a l )  b e a r s  mention: wh i l e  t h e  
g r a v i t y  waves are a n i s o t r o p i c ,  t h e y  a r e  n o t  g y r o t r o p i c .  There  i s  no 
double  r e f r a c t i o n  -- no s p l i t t i n g  i n t o  d i f f e r e n t l y  p o l a r i z e d  components 
w i th  d i f f e r e n t  phase speeds - -  and, i n  t h e  absence o f  a tmospher ic  
r o t a t i o n  e f f e c t s ,  t h e  o s c i l l a t o r y  motion i n  any g iven  mode i s  conr'ined 
t o  t h e  v e r t i c a l  p l ane  of propagat ion .  
3 .  E f f e c t s  of  Temperature V a r i a t i o n ;  Duct ing 
Consider now an atmosphere i n  which 2 = T ( z ) ,  fro.- which - -  
C = e ( ~ ) ,  and begin  wi th  the c a s e  i n  which t h e  s t r a t i f i c a t i o n  takes  t h e  
f o r m  of a ser ies  of i so the rma l  l a y e r s .  The e a r l i e r  equa"Lo,:s w i l l  
apply  t o  each  l a y e r  i n  t u r n ,  and t h e  inatching of boundary conLitio.-is 
w i l l  demand t h e  cons tancy  of k and w through a l l  l a y e r s .  E v i d e n t l y  
1~ w i l l  va ry  from l a y e r  t o  l a y e r ,  and t h e  p rocesses  of refraction and 
- 2  
and p a r t i a l  r e f l e c t i o n  w i l l  occur .  I f  k becomes imaginary zt sone 
l e v e l ,  and remains imaginary i n  t h e  h a l f - s p a c e  above, t o t a l  r e f l e c t i o n  
w i l l  r e s u l t .  T o t a l  r e f l e c t i o n  can a l s o  occur  a t  ground l e v e l  i n  
p r a c t i c e ,  and i t  i s  p o s s i b l e  then  t o  e s t a b l i s h  a wave d u c t  i n  the 
atmosphere.  T h i s  duc t  w i l l  be  s u b j e c t  t o  compl i ca t ions  of zhe type  
met i n  t h e  d u c t i n g  of  LF r ad io  waves below t h e  ionosphere ,  and a 
- - -  
- 5  
-5  
s i m i l a r  inode z n a l y s i s  w i l l  3e a ? p l i c a b l e  t o  i t .  Computations of some 
of t h e  modal c h a r a c t e r i s t i c s  have been pub l i shed  by P f e f f e r  and Zzr ichny 
[1962]  and P r e s s  and Harkr ider  [ 1 9 6 2 ]  , based on a m u l t - h a y e r  
approximation t o  t h e  a c t u a l  atmosphere.  
- 
t 
- m  I 
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Imper fec t  d u c t i n g  i s  a l s o  a d i s t i n c t  p o s s i b i l i t y ,  as  w i l l  be 
recobnized  r e a d i l y .  The ground-level  boundary c o n d i t i o n  i n  t h i s  c a s e  
r e q u i r e s  t h a t  k be complex i n  t h e  modes of  i n t e r e s t  1e.g. Gossard,  19621, 
lczcljng t o  a decay of energy  i n  t h e  d i r e c t i o n  of  h o r i z o n t a l  p ropaga t ion .  
(This  s t a t emen t  c o n t r a s t s  w i th  t h e  assumption of Eckart [1960]  , t h a t  k 
be r e a l ,  which l e d  him t o  conf ine  c o n s i d e r a t i o n  t o  'eigenmodes'  of 8 
t ype  t h a t  have h e r e  been termed ' c e l l u l a r '  waves.) Imper fec t  d u c t i n g  
may be e s t a b l i s h e d  bo th  by the t roposphe re  [Gossard,  19621 and by t h e  
~, i ,>sosphere [Hines,  19601, while  t h e  i eakage  energy may account  f o r  t h e  
haves observed a t  ionosphe r i c  h e i g h t s ;  waves s t r o n g l y  duc ted  by t h e  
mesosphere,  bu t  n e v e r t h e l e s s  s t i l l  l e a k i n g  energy  upward, appear  t o  
acco'mt w e l l  f o r  t h e  t r a v e l i n g  i o n o s p h e r i c  d i s t u r b a n c e s  p r e v i o u s l y  
mentioned [Hines,  19601, 
-2 
-X - 
The use of m u l t i p l e  i so the rma l  l a y e r s  as an approximation t o  
a r e a l  atmosphere h a s  i t s  analogue,  of cour se ,  i n  problems of  r a d i o  
propagat ion ,  and t h e r e  i t  has  been thoroughly  j u s t i f i e d .  No s i m i l a r  
j u s t i f i c a t i o n  has y e t  been p resen ted  f o r  t h e  gravi ty-wave problem, n o r  
indeed does i t  appear  a t  f i r s t  s i g h t  t h a t  one can be e s t a b l i s h e d .  The 
reason  f o r  t h i s  will now be o u t l i n e d .  
11 
I n  t h e  va r i ab le - t empera tu re  c a s e ,  t h e  unper turbed  p r e s s u r e  
aeoumee t h e  f u n c t i o n a l  form 
wi th  H given  by (2) again ,  a8 one might expect. But t h e  a tmospher ic  - 
d e n s i t y  assume8 t h e  somewhat d i f f e r e n t  form 
where H i s  t h e  va lue  of H a t  z = 0. The normalized d e r i v a t i v e  - -0 
tAco m c k  -$pqciz e n t e r s  t h e  govern ing  equa t ions  -- both  %a1 t h e  equa t ion  of s ta te  
and h / t h e  equa t ion  of mass conserva t ion  -- and appears u l t i m a t e l y  as 
& o q h  
a parameter  i n  any d i s p e r s i o n  equa t ion  t h a t  may be i n f e r r e d .  
d e r i v a t i v e  was g iven  by .-E 
T h i s  
-1 i n  t h e  i so the rma l  case, andentered  (4) by 
-1 way of w and aa. Here, however, it i s  g iven  by - H  - (1 + e- dH/_d_z), and 8 - 
t h e r e  i s  no prov i s ion  f o r  t h e  d e r i v a t i v e  dH/clz_ i n  t h e  d i s p e r s i o n  . 
equa t ion  as p rev ious ly  w r i t t e n .  
It i s  worth n o t i n g  e x p l i c i t l y  t h a t  t h e  c o r r e c t i o n  term 
appea r ing  h e r e  i s  of o r d e r  $/in, and not, f o r  example, of o r d e r  
k H - l  $/$:. -5 - 
v e r t i c a l  wavelength,  and does n o t  n e c e s s a r i l y  become smal l  i f  t h e  medium 
i s  taken  t o  be ' s lowly  varying '  i n  t h e  t r a d i t i o n a l  sense  ( i . e . ,  v a r i a t i o n s  
More s p e c i f i c a l l y ,  t h i s  term i s  independent  of t h e  
w i t h i n  a wavelength be ing  small) .  Accordingly,  t h e  problem i s  n o t  of 
t h e  type  t h a t  is normally encountered i n  i o n o s p h e r i c  r a d i o  propagat ion ,  
nor does i t  appear  t o  have any immediate bea r ing  on approximat ions  of 
t h e  WKB type .  
' B  
.* 
. .  
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It might be supposed that a multi-layer technique could be 
applied despite the foregoing difficulty, if only a suitably revised 
form of (4) were developed and applied. Martyn [1950], employing a 
3 
variable Cp proportional to pp div U , obtained 'for it a differential 
equation that transforms to 
in present notation, where 
and . 
. - 
A WKB approximation t o  the solution of (IO) 
\ 
can be found readily: 
(13)  
The conditions for validity of this approximation are of the usual 
type, e.g., jdH/dzI<< -- -- ISHI, -- etc. It appears, then, that the 
multi-layer technique might well be applied if (4) were replaced by 
(ll), (3) by (13), k 
zeros of q, more sophisticated matching approximations would of course 
be required, (See Martyn [1950] for one example; see also 
Yamamoto [1957] for a fuller development of a four-layer model, 
with constant _dr/clz in each layer.) 
by q ,  and so w by aB; in the neighborhood of - E  - 8 - 
- 
I .  
T h i s  non-isothermal  approach t o  t h e  m u l t i - l a y e r  method i s  p r o b a b l y  
q u i t e  v a l i d ,  though i t  h a s  y e t  t o  be  e s t a b l i s h e d  r i g o r o u s l y .  B u t  even i t  i s  
f r a u g h t  w i t h  c e r t a i n  dange r s  of i n t e r p r e t a t i o n .  Fo r ,  i f  a s o l u t i o n  were 
sought  f o r  some v a r i a b l e  o t h e r  than rp, t h e  r e l e v a n t  d i s p e r s i o n  e q u a t i o n  
would bc found t o  have a fonn t h a t  could d i f f e r  from (11): dH/dz would e n t e r  
t h e  e q u a t i o n  f o r  q i n  some d i f f e r e n t  way. T o l s t o y  [1963] ,  f o r  example, 
d e r i v e s  a h i g h l y  complicated r e l a t i o n  - -  given by h i s  e q u a t i o n s  (4.4.)  and 
(4 .10 )  -- f o r  t h e  q 2  t h a t  a p p l i e s  t o  t h e  v e r t i c a l  d i sp l acemen t ,  and s i m i l a r l y  
complic<ated r e l a t i o n s  may be e s t a b l i s h e d  f o r  o t h e r  o s c i l l a t o r y  parameters .  
( T o l s t o y ' s  a p p a r e n t l y  s imple r  equa t ion ,  (4 .18) ,  h a s  no r e a l  a p p l i c a t i o n  t o  t h e  
atmosphcie .  except  i n  t h e  elementary i so the rma l  case.) 
2 - 
- 
The danger i m p l i c i t  i n  a concep tua l  a p p l i c a t i o n  of t h e  r e v i s e d  m u l t i -  
l a y e r  approach should now be appa ren t .  One normally e x p e c t s  s e v e r c  r e f l e c t i o n  
t o  occur when q becomes n e g a t i v e  and remains n e g a t i v e  ove r  a s u b s ~ a n t i a ?  .,eight 2 - 
r ange .  But t h e  c o n d i t i o n s  t h a t  g i v e  r i s e  t o  t h i s  s i t u a t i o n  w i l l  d L r y  w i t 2  t h e  
parameter  f o r  which q was determined,  whereas t h e  q u e s t i o n  of r e L 4 c c t i o n  2 
a p p l i e s  s imul t aneous ly  t o  a l l  parameters.  R e f l e c t i o n  might be j L  ;ed t o  be 
s e r i o u s ,  on i n s p e c t i o n  of t h e  q of  one parameter ,  and i t  might bL: judged t o  be 
n e g l i g i b l e  on i n s p e c t i o n  of t h e  q of a n o t h e r .  These appa ren t  d i s c r e p a n c i e s  
shou ld  n o t  s u r v i v e  a thorough mathematical  t r e a t m e n t ,  o f  c o u r s e ,  b u t  u n t i l  t hey  
a re  understood t h e y  w i l l  i n h i b i t  a proper  concep tua l  e v a l u a t i o n  of r e f l e c t i o n  




A r i g o r o u s  a n a l y s i s  by Weston [1961, 19621 a v o i d s  any d i s c r e t e  
l a y e r i n g  o f  t h e  t empera tu re  p r o f i l e ,  and succeeds i n  deducing r a t h e r  g e n e r a l  
c o n c l u s i o n s  about t h e  c o n d i t i o n s  t h a t  w i l l  produce d u c t i n g  and about  t h e  
d u c t e d  modes. It r e p r e s e n t s  on ly  a beginning,  however, TO the t a s k  t ha t  
l i e s  ahead. 
- 
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The r e v i s e d  d i s p e r s i o n  r e l a t i o n ,  ( 1 1 )  , i f  accep ted  a t  
f a c e  va lue ,  can l ead  t o  q u a l i t a t i v e  d i f f e r e n c e s  from t h e  i so the rma l  
c a s e .  I n  p a r t i c u l a r ,  t h e  cond i t ion  w 7 0) can be m e t  i n  p r a c t i c e ,  
and t h e r e  i s  then no s h a r p  d i v i s i o n  between a c o u s t i c  and i n t e r n a l  
g r a v i t y  waves. A cont inuous  t r a n s i t i o n  now occur s ,  a s  i l l u s t r a t e d  
i n  F i g .  2 f o r  r e p r e s e n t a t i v e  c o n d i t i o n s .  The o r i e n t a t i o n  of t h e  
energy  v e l o c i t y  r e l a t i v e  t o  t h e  d i r e c t i o n  of phase propagat ion  can 
be determined as  b e f o r e ,  by drawing normals t o  t h e  con tour s  of 
c o n s t a n t  pe r iod ,  bu t  t h e  sense of t h e  energy  v e l o c i t y  r e q u i r e s  more 
c a r e f u l  examination. It may be shown t h a t  t h e  v e r t i c a l  components 
of  t h e  energy  and phase v e l o c i t y  a r e  s i r s i l a r l y  d i r e c t e d  f o r  some 
modes ( r e p r e s e n t e d  by broken contour  l i n e s )  and are o p p o s i t e l y  d i r e c t e d  
f o r  o t h e r s  ( s o l i d  c o n t o u r s ) ;  
a - B - 
' Y  
t h e  t r a n s i t i o n  from t h e  one behavior  t o  
t h e  o ther ,  a long  a g iven  cons t an t -pe r iod  con tour ,  i s  accompanied by 
i n f i n i t e  energy  v e l o c i t i e s  ( a s  measured by b / a _ k  &/ak ). 
5' ' E  
4 .  E f f e c t s  of H o r i z o n t a l  Background 
Winds. 
The occurrence  of h o r i z o n t a l  background winds can  a f f e c t  t h e  
propagat ion  of g r a v i t y  waves, and s o  can l e a d  t o  f u r t h e r  problems of 
r e f r a c t i o n  and r e f l e c t i o n .  The a n a l y s i s  i s  r e l a t i v e l y  d i r e c t  i f  a m u l t i -  
l a y e r  model i s  assumed once a g a i n ,  w i t h  a c o n s t a n t  wind i n  each  of t h e  l a y e r s .  
Conceptua l ly ,  one could  e s t a b l i s h  co-moving c o o r d i n a t e s  f o r  each  l a y e r  i n  
t u r n ,  and then t h e  r e l e v a n t  formalism would be t h a t  f o r  z e r o  wind. The 
matching  a t  l a y e r  i n t e r f a c e s  would demand a cons tancy  of k , whi le  w would 
s u f f e r  a dopp le r  s h i f t  from one l a y e r  t o  t h e  n e x t  i f  t h e  increment of wind 
c o n t a i n e d  an x component; k would have t o  a d j u s t  acco rd ing ly .  
-X - 
' E  - 
. .  
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A s  i n  t h e  case  of t h e  tempera ture  v a r i a t i o n ,  however, a 
cont inuous  v a r i a t i o n  of wind wi th  h e i g h t  i n t r o d u c e s  new terms i n t o  t h e  
d i s p e r s i o n  r e l a t i o n  [ e .g . ,  Sco re r ,  1949; Martyn, 19501, and t h e s e  
terms do n o t  become n e g l i g i b l e  a s  k i s  inc reased .  A l l  o f  t h e  
d i f f i c u l t i e s  i n d i c a t e d  above now r e c u r ,  and have y e t  t o  be unders tood  
i n  d e t a i l .  
-2 - 
The problem of winds adds a new f a c e t  t o  t h e  d i s c u s s i o n ,  f o r  
t hey  w i l l  a u t o m a t i c a l l y  in t roduce  an a n i s o t r o p y  wi th  respect t o  t h e  
v a r i o u s  d i r e c t i o n s  of h o r i z o n t a l  p ropagat ion .  I n  t e r r e s t r i a l  a p p l i c -  
a t i o n s ,  f o r  example, winds of t h e  mesosphere can a c t  as a d i r e c t i o n a l  
f i l t e r  on t h e  gravi ty-wave spectrum t h a t  i s  propagated  upward from 
below, and t h e  waves t h a t  a c t u a l l y  p e n e t r a t e  t o  i o n o s p h e r i c  h e i g h t s  
then  c a r r y  in fo rma t ion  about  t h e  winds through which they  have passed.  
All b u t  s u p e r f i c i a l  a n a l y s i s  of t h i s  f i l t e r i n g  a c t i o n  remains f o r  t h e  
fuLure.  
Winds add y e t  another  phenomenon t o  t h e  s tudy ,  f o r  chey a r e  
capable  of exchanging energy wi th  t h e  waves [ E l i a s s e n  and Palm,  19611 .  
Though t h e  p rocesses  a r e  t o t a l l y  d i f f e r e n t  i n  c h a r a c t e r ,  t h i s  exchang.;. 
f i n d s  an ana logue  i n  the  t rave l ing-wave  a m p l i f i c a t i o n  of p las ;  ia p h y s i z s .  
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5. Energy D i s s i p a t i o n  
A s  gravi ty-wave energy r ises i n t o  t h e  r a r e r  a tmosphere,  
t h e  e f f e c t s  of v i s c o s i t y  and thermal  conduct ion  become i n c r e a s i n g l y  
s e v e r e .  They a c t  t o  d i s s i p a t e  t h e  energy  of t h e  wave, and c o n v e r t  
i t  i n t o  h e a t .  A s  a l r e a d y  i n d i c a t e d ,  t h e  h e a t  produced i n  t h i s  manner 
may w e l l  be s i g n i f i c a n t  bo th  t o  t h e  t e r r e s t r i a l  ionosphere  and t o  t h e  
s o l a r  corona,  and o f  cour se  we  may s p e c u l a t e  about  o t h e r  p l a n e t a r y  
atmospheres  a s  be l l .  
The problems of  energy d i s s i p a t i o n  a r e  l a r g e l y  problems f o r  
a f l u i d  dynamic is t ,  though they contair .  some i n t e r e s t i n g  and o n l y  
p a r t l y  r e s o l v e d  d i f f i c u l t i e s  f o r  wave t h e o r i s t s  i n  g e n e r a l  [ c f .  P i t t eway  
and Hines,  19631. Perhaps t h e  most f a s c i n a t i n g  a s p e c t  of t h e  d i s s i p a t i o n ,  
bo th  from a layman's and from an e x p e r t ' s  p o i n t  o f  view, i s  t h a t  t h e  
a t t e n u a t i o n  can be v i r t u a l l y  seen  i n  p rogres s  i n  t h e  v a s t  l a b o r a t o r y  of 
t h e  upper atmosphere.  Shorter-wave modes 10 km, v e r t i c a l l y )  a r e  
'quenched'  a t  h e i g h t s  of 110-120 km, i n  d i s t a n c e s  of t h e  o r d e r  of a 
wavelength,  wh i l e  longer-wave modes proceed upward t o  be quenched a t  
some g r e a t e r  h e i g h t  [Hines,  1960, 1964b; Kochanski,  19641. The 
i n c r e a s i n g  u s e  of r o c k e t - r e l e a s e d  vapor t r a i l s ,  f o r  t h e  s tudy  of winds 
a t  i onosphe r i c  h e i g h t s ,  w i l l  pu t  t h i s  quenching p rocess  more c l e a r l y  
i n t o  view and w i l l  r ende r  i t  s u g c e p t i b l e  t o  more d e t a i l e d  a n a l y s i s .  
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Hydromagnetic 
e?ectr; 5
i s s i p a t i o n ,  r e s u l t i n g  from t h e  c u r r e n t s  t h a t  1 
a r e  induced i n  t h e  ionosphere when a g r a v i t y  wave propagates  through 
i t ,  becomes impor tan t  i n  p r a c t i c e  a t  p e r i o d s  of h a l f  an hour o r  so.  
A new a n i s o t r o p y  i s  in t roduced ,  and s e l e c t i v e  damping occur s .  
G r a v i t y  waves t h a t  propagate  i n  t h e  m g n e t i c  mer id ian  p lane ,  w i t h  a 
s u i t a b l e  i n c l i n a t i o n  of wave f r o n t ,  w i l l  s u f f e r  l i t t l e  from t h i s  
p rocess  because t h e  n e u t r a l  gas  t e n d s  t o  o s c i l l a t e  a long  t h e  
magnet ic  f i e l d  l i n e s .  Waves of d i f f e r e n t  t i l t ,  o r  d i f f e r e n t  azimuth 
o €  advance, e s t a b l i s h ,  neu t r a l -gas  motions t h a t  c r o s s  magnet ic  f i e l d  
l i n e s .  Such waves s u f f e r  vary ing  degrees  of hydromagnetic d i s s i p a t i o n ,  
depending on t h e  p r e c i s e  parameters  t h a t  c h a r a c t e r i z e  them. 
The hydromagnetic problem has  been examined only  ir. 
pre l imina ry  f a s h i o n ,  t o  d a t e ,  and most of what h a s  been doni, cemains 
unpubl ished a s  y e t .  Its r e l evance  i s  worth n o t i n g ,  however, i f  
on ly  because i t  lntt?oducbr progessed t h a t  w i l l  be  more f a m i l j  -:r 
t o  some r e a d e r s .  
6 .  Nonlinear E f f e c t s  
18 
A s  p r e v i o u s l y  noted, t h e  ampl i tude  of i n t e r n a l  g r a v i t y  
waves t ends  t o  i n c r e a s e  wi th  a l t i t u d e .  The e x p o n e n t i a l  growth 
t h a t  i s  i n d i c a t e d  i n  (3) may n o t  o b t a i n  i n  f u l l ,  because of r e f l e c t i o n  
and d i s s i p a t i o n ;  bu t  t h e  p o s s i b i l i t y  of s u b s t a n t i a l  growth i s  q u i t e  
r e a l ,  i t  must be c a t e r e d  t o  i n  p r i n c i p l e ,  and i t  i s  o f t e n  r e a l i z e d  
i n  p r a c t i c e .  Along wi th  it goes t h e  p o s s i b i l i t y  of t h e  waves 
exceeding p e r t u r b a t i o n  ampl i tude ,  and hence of n o n l i n e a r  e f f e c t s  
occur r ing .  R e p r e s e n t a t i v e  e s t i m a t e s  r e v e a l ,  i n  f a c t ,  t h a t  much 
of t h e  wind system p r e s e n t  i n  t h e  e a r t h ' s  u p p e r  atmosphere,  i f  
indeed due t o  g r a v i t y  waves, a l r e a d y  c o n s t i t u t e s  an a p p r e c i a b l y  
n o n l i n e a r  system. Wave i n t e r a c t i o n ,  and perhaps  a cascading  of 
etiergy through t h e  wave spectrum,must then be contemplated.  
T l i i s  a s p e c t  of g r a v i t y  waves remains v i r t u a l l y  v i r g i n  t e r r i t c j r y ,  
and a w a i t s  w i t h  untapped charms t h e  ons l augh t  of t h e  f i r s t  
venturesome wave t h e o r i s t .  
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Figure  Capt ions  
F ig .  1. Contours  o f  c o n s t a n t  pe r iod  i n  t h e  r e f r a c t i v e  index  domain, f o r  
i n t e r n a l  waves i n  an i so the rma l  atmostjhere. The e l l i p t i c a l  
sequence t o  t h e  l e f t  r e p r e s e n t s  a c o u s t i c  waves, and t h e  
h y p e r b o l i c  sequence t o  t h e  r i g h t l r e p r e s e n t s  i n t e r n a l  g r a v i t y  
waves. The pe r iods ,  measured i n  minutes ,  a r e  shown i n  boxes 
(broken-? inc  curges,)  
x Csolid-?,)re curves) 
on each contour  i n  t u r n .  The b a s i c  parameters  adopted a r e  
L 25 = 1.4,  g = 9.5 m / s  , and H = 6.0 km, which o b t a i n  i n  t h e  - 
t e r r e s t r i a l  atmosphere nea r  t h e  90-km l e v e l .  The r e l a t i o n  
between phase and energy p rogres s ion  i s  i n d i c a t e d  by t h e  
i n s e r t  diagram. 
F i g .  2 .  A s  f o r  F ig .  1, b u t  now f o r  a tempera ture-vary ing  atmosphere.  
The v e r t i c a l  r e f r a c t i v e  index ,  G~ , i s  g iven  by &/my wi th  9 
given by equa t ion  (11). The b a s i c  parameters  adopted are 
x =  1.4,  g = 9.5 m / s 2 ,  - fI = 8.7 km, - -  dH/dz - -  = 0.59, which 
- 
- 
o b t a i n  i n  t h e  t e r r e s t r i a l  atmosphere n e a r  t h e  110-km l e v e l .  
The sense  of energy  flow, a long  t h e  n o i - a 1  t o  t h e  3.40-minute 
contour ,  i s  i n d i c a t e d  by two s h o r t  a r rows .  The s e n s e  o f  energy  
f low f o r  o the r , ' con tour s  may be ob ta ined  by cont inuous  t r a n s f o r m a t i o n ,  
t h e  broken- l ine  and s o l i d - l i n e  segments be ing  t r e a t e d  s e p a r a t e l y .  
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